In quantum error correction, the description of noise channel cannot be completely accurate, and fluctuation always appears in noise channel. In some typical cases, it is shown that the concatenated five-qubit QEC protocol is an efficient and robust protocol against noise channels with fluctuation, and our numerical results indicate that both standard deviation of effective channel fidelity and standard deviations of diagonal elements of quantum process matrix (Pauli Form) decay exponentially as the concatenated level increases, and attenuation ratios of the standard deviations are almost only dependent on the value of average effective channel fidelity. Meanwhile, standard deviations of off-diagonal elements of quantum process matrix (Pauli Form) decay more quickly (at least 70 times faster) than standard deviations of diagonal elements, and the effective channels are approximate to depolarizing channel as the concatenated level increases.
I. INTRODUCTION
In quantum computation and communication, quantum error correction (QEC) was developed from classic schemes to preserve coherent states from noise and other unexpected interactions. Shor [1] introduced a strategy to store a bit of quantum information in an entanglement state of nine qubits, and Steane [2] proposed a protocol that uses seven qubits. The five-qubit code was discovered by Bennett et al. [3] and independently by Laflamme et al. [4] . Meanwhile, QEC conditions were proven independently by Bennett and coauthors [3] and by Knill and Laflamme [5] . All the protocols with quantum error correction codes (QECCs) can be viewed as active error correction. Another way, the decoherence-free subspaces [6] [7] [8] and noiseless subsystem [9] [10] [11] are passive error-avoiding techniques. Recently, it has been proven that both the active and passive QEC methods can be unified [12] [13] [14] .
The standard QEC procedure in Refs. [2] [3] [4] is designed according to the principle of perfect correction for arbitrary single-qubit errors, where one postulates that single-qubit errors are the dominant terms in the noise process [15] . Recently, rather than correcting arbitrary single-qubit errors, the error recovery scheme was adapted to model for the noise to maximize the fidelity of the operation [16] [17] [18] [19] . When the uncertainty of the noise channel is considered, robust channeladapted QEC protocols have also been developed [20] [21] [22] . When the fidelity obtained from error correction is not high enough, the further increase in levels of concatenation is necessary. In the previous works [23] [24] [25] , the concatenated code was discussed for the Pauli channel, where the depolarizing channel as the most important example is included, and quite recently, universal concatenated quantum codes have been well discussed by Chamberland et. al [26, 27] . Before applying specific QEC operation for maximize the fidelity, we need * wxhscu@scu.edu.cn † taozhou@swjtu.edu.cn
to get the noise model by measuring the Choi matrix [28] [29] [30] [31] [32] [33] .
For the next level of error correction, the standard quantum process tomography (QPT) [15, [34] [35] [36] [37] [38] [39] [40] [41] can be employed to determine Choi matrix of the effective channel, and the exact performance of concatenated QEC can be denoted by the effective Choi matrix. One should notice that it is not effective enough to alter operations in each level of concatenated QEC for every measured noise model. Fortunately, concatenated QEC with fivequbit code is general for correcting common noise models such as depolarizing, bit-flip, amplitude damping, even arbitrary kinds of noise model [42] . The interaction between the system and environment cannot be fully accurate due to its complexity [20] [21] [22] and the fluctuation in noise channel do exist based on experiment measurements [43] . Therefore, it is reasonable to consider the fluctuation of quantum noise channel in concatenated QEC protocol.
In this work, we study the performance of concatenated five-qubit QEC protocol for noise channels with fluctuation, and the exact performance of QEC is denoted by the quantum process matrix in Pauli Form, which is equivalent to Choi matrix. In some typical cases, our numerical simulations indicate that the standard deviations (SDs) of both the effective channel fidelity and diagonal elements of QPM decay exponentially as the concatenated level increases, and the attenuation ratios of the SDs are almost only dependent on the average effective channel fidelity. Meanwhile, SDs of off-diagonal elements of QPM decay more quickly (at least 70 times faster) than those of diagonal elements, and the effective channels are approximate to depolarizing channel as the concatenated level increases.
The content of the present work is organized as follows. In Sec. II, QEC protocol is introduced. In Sec. III, we review QPT and characterize fluctuation in noise without QEC. In Sec. IV, we will show that the average effective channel after performing QEC is only dependent on the average of initial noise channels. In Sec. V, an exact noise model for numerical calculation is introduced and the main conclusions could be obtained. In Sec. VI, numerical calculations for 3-level con-catenated QEC are exhibited in detail. We end this work with some remarks and discussion in Sec. VII.
II. QUANTUM ERROR CORRECTION PROTOCOL

FIG. 1. (a)
The way to constructing the effective channel from the standard QEC protocol includes encoding, noise evolution, recovery, and decoding. (b) Our protocol where a unitary transformation U is sufficient to correct the errors of the principle system. The errors of the assistant qubits are left uncorrected.
In recent works, QEC was developed to preserve coherent states from noise and other unexpected interactions. As depicted in Fig. 1 (a) , the standard way to get the effective noise channel contains the following steps: (i) A unitary transformation U for encoding process U; (ii) The noise evolution denoted by Λ; (iii) The recovery operation described by a process R; (iv) The decoding process U −1 realized by U † . In this paper, the protocol shown in Fig.1 (b) is used, we start the QEC protocol with five-qubit code in Ref. [3] ,
and
In Fig.1 (b) , the special parts are the unitary process U and its associated process U −1 , which work not only as encoding and decoding, but also as error correction. [ The process U −1 here is just the U 2 used in Eq. (87) of the original work in Ref. [3] ].The specific unitary process U is designed as
where m = 0, 1, ..., 15, E 0 is the identity operatorÎ, and for m = 0, E m is one of the Pauli operators σ i j (i = 1, ...5, j = x, y, z).
According to the analysis in Ref. [3] , the recovery process R in Fig. 1 (a) is not necessary and can be moved away, since the U −1 defined in Eq. (1) is sufficient for correcting the errors of the principle system. One can observe that the following two processes are equivalent:
with the new process,R
Furthermore, it can be expressed in a more explicit way as R(ρ SA ) = 15 m=0R m ρ SAR † m , with the Kraus operators R m = U R m U † . By some simple algebra, one can get R m = |a 0 a m | ⊗ I, and the state of the principle system remains unchanged. Therefore, when the protocol is applied in quantum information storage and transmission, the recovery of auxiliary qubitsR m can be abandoned. In this work, the encoding process U and the decoding (recovery) process U −1 are fixed in every level of the concatenated QEC.
III. QUANTUM PROCESS TOMOGRAPHY
Before giving a brief review of the general theory about QPT, one can first introduce the convenient tool where a bounded operator on a Hilbert space can be associated with a vector in an extended Hilbert space. Let A be a bounded operator in a d-dimensional Hilbert space H d , with A ij = i|A|j the matrix elements, and an isomorphism between A and a vector |A in H ⊗2 d is defined as
where
|kk is the maximally entangled state in H ⊗2 d , and |ij = |i ⊗ |j . This isomorphism offers a one-to-one map between an operator and its vector form. Suppose that A, B, and ρ are three arbitrary bounded operators in H d , and then
with B T the transpose of B. For the noise with fluctuations, a set of parameters ω = {ω 1 , ω 2 , ...ω n } can be introduced to represent the noise, and the quantum channel can be described by a set of Kraus operators {E m (ω)},
For instance, a unitary channel on a two-qubit system can be expressed as
where U (ω) = cos θI +sin θσ·n(γ, φ), ω = {θ, γ, φ}, θ, γ ∈ [0, 2π), φ ∈ [0, π], andn = (sin φ cos γ, sin φ sin γ, cos φ).
Now, for a quantum channel ε(ω), Choi-Jamiolkowski isomorphism is a useful connection between a quantum channel and a bipartite statê
whereχ(ω) is the so-called Choi matrix, and it can be measured in experiment with assistant channel. Therefore, according to Eq. (2) and Eq. (3), Eq. (4) can be rewritten as
the quantum process matrix (QPM). So, in the general theory of QPT, a quantum channel can be equivalently represented by the corresponding QPM. From the work in Ref. [46] , χ ab;cd (ω)(a, b, c, d = 0, 1) can be obtained in a simple way,
For one-qubit case, a quantum state can be repressed in Bloch representation
whereσ 0 is the identity operator,σ = (σ 1 ,σ 2 ,σ 3 ) are Pauli operators, and r is Bloch vector. Meanwhile, the quantum process in Eq. (4) for qubit system can now be represented in Bloch representation as
with r ′ (ω) a new Bloch vector,M (ω) a 3 × 3 real matrix, and c(ω) a constant vector. To character the quantum noise process more clearly, QPM in Pauli basis can be introduced
where σ µ , σ ν = √ 2 2 {σ 0 ,σ 1 ,σ 2 ,σ 3 } for µ, ν = 0, 1, 2, 3. With the fact that the quantum channel ε(ω) is always tracepreserving, it is easy to obtain
Since the QPM in Pauli basis is more compact than the in Eq. (7), we mainly discuss the QPM in Eq. (10) in this paper.
In experiments, the measurements of QPM are not fully accurate [20] [21] [22] , and the fluctuation always exists in the measurements [43] . Therefore, in QEC, one should take fluctuation of noise into account. In statistics, the average of the element η µν (ω) of QPM η(ω) can be obtained
..dω n , and the average QPM η avg (ω) corresponds to the average noise channel ε avg (ω). As the example in Eq. (5),
The average QPM can be obtained
and the average channel u avg (ω) can be represented by a set of Kraus operators: { 
Meanwhile, as an important characterization of noise channel ε(ω), channel fidelity F (ω) can be obtained from QPM η(ω),
In statistics, the average channel fidelity F avg (ω) can be obtained
and the fluctuation of channel fidelity F (ω) is characterized by the SD of channel fidelity
In the following, to show the changes of SD of channel fidelity and SDs of elements of QPM, we define the SDs for the effective channel after performing QEC. 
IV. THE AVERAGE EFFECTIVE CHANNEL AFTER PERFORMING QEC
In this section, we will show that the average effective channel is only dependent on the average of initial noise channels. The effective quantum process for QEC is shown in Fig. 2 . The assistant qubits system is denoted by A, and |a 0 is the ground state of 4 assistant qubits. The transformation U is the encoding operation, and U −1 is both the decoding and error correcting operation. Λ( − → ω ) represents the noise process on five physical qubits, and − → ω is a set of independent parameters of five noise channels, where
The effective channel after QEC is denoted by ε( − → ω ).
As shown in Fig. 2 , after QEC is performed, the element
In statistics, the average element η
and the SD of element η µν ( − → ω ) is defined as
In statistics, the average effective channel fidelity
and the SD of effective channel fidelity
The strict results for Eq. (19) and Eq. (22) cannot be obtained. However, in Eq. (18), we have proved the average elements of effective QPM η avg µν ( − → ω ) are just determined by the average of 5 independent initial noise channels, and the strict results for Eq. (18) and Eq. (21) can be obtained. Obviously, in concatenated QEC protocol, the average elements of effective QPM and the average effective channel fidelity are just determined by the average of n = 5 l independent initial noise channels, where l is the concatenated level. Due to the assumption of independent noise model, the average of independent initial noise channels in each qubit have the same representation, and n = 5 l sets of parameters {ω 1 , ω 2 , ...ω 5 l } also belong to the same distribution. When the n = 5 l initial noise channels are set as ε avg (ω) ⊗5 l , the average effective channel ε avg(l) (with channel fidelity F avg(l) and QPM η avg(l) ) in the l-th level of concatenation can be obtained strictly.
The initial noise channels are set as ε avg (ω) in [42] , and it is indicated that the effective channels can be transformed to depolarizing channel quickly (after a two or three-level concatenated QEC). According to this, one could conject that the fluctuation of initial noise channels will decay as the concatenated QEC performed, and in the following, numerical simulations for typical noise model are performed to affirm the conjecture.
V. QUANTUM NOISE MODEL AND MAIN CONCLUSIONS
In this section, to investigate the fluctuation of noise channels in concatenated five-qubit QEC protocol, a perturbed noise model can be introduced,
where N is a one-parameter noise model with channel fidelity
is a small constant, and the unitary channel u(ω) is expressed in Eq. (5). This model is a simplified version of the noise model used to discuss the robustness of hard decoding algorithm in Ref. [50] . Now, from the definition in Eq. (9), the QPM of ε(ω) can be obtained,η
When averaged on the parameters θ,γ,φ, as shown in Eq. (12), the average QPM of u(ω) can be obtained, and the average QPM of ε(ω) can be represented,
Meanwhile, the average of the perturbed noise channels in Eq. (23) can be obtained,
Now, as shown in Fig. 2 , one can perform QEC in each concatenated level l, and the average effective channel ε avg(l) (with channel fidelity F avg(l) and QPM η avg(l) ) can be obtained, which can be used as the contrast in our numerical calculation.
In our numerical calculation, N 0 is the number of sample noise channels in Eq. (23), which is generated independently and randomly according to Eq. (5). By performing concatenated five-qubit QEC protocol, in the l-th level of concatenation, there are N l = µν can be calculated byη
Here,η
i represents the i-th (i = 1, 2, ..., N l ) QPM of effective noise channels in the l-th level of concatenation.
Meanwhile, the average effective channel fidelityF (l) and SD of channel fidelity δF (l) can be calculated according tō
Here, we should note the average element of QPM used in Eq. (28) and the average channel fidelity used in Eq. (30) are obtained from concatenated QEC protocol for average initial noise channel in Eq. (26), and both of them are strict, therefore the sample freedom should be N l rather than N l − 1.
To show changes of the fluctuation of sample noise channels under concatenated QEC protocol, we define attenuation ratio of SDs, For the noise channel in Eq. (23), there are 4 variable factors: the one-parameter noise model N , channel fidelity f , the proportionality constant k, and an arbitrary unitary channel u(ω). In the following, by generating unitary channels independently and randomly in concatenated five-qubit QEC, the influences of the first three factors and the level l in concatenated QEC on the fluctuation of noise channels are studied.
(i) For studying the impact of the noise model N on the fluctuation, we set f = 0.98, k = 0.02, and the noise model N is chosen as depolarizing noise, amplitude damping noise, and other 20 arbitrarily generated numerical noises, respectively. In each case N 0 = 50000 unitary channels are generated independently and randomly, and then one-level QEC are performed and numerical results are obtained.
Numerical results for the SD of channel fidelity are shown in Fig. 3 , and all results indicate that the noise model of N has nearly no influence on both the SDs in Eqs. (28, 30) and the average channel fidelity in Eq. (29) . In all cases, the SD of channel fidelity decays with attenuation ratio about 4, the SDs of diagonal elements (δη
33 ) in QPM decay with attenuation ratio about 5, and the SDs of off-diagonal elements (δη (ii) On the other hand, we study the impact of f and k on the fluctuation. First the noise model of N is chosen as amplitude damping noise, and then we set f = 0.94, 0.95, 0.96, 0.97, 0.98 respectively, and for each f , k increases from 0.01 to 0.06 with a step 0.01. In each case N 0 = 50000 unitary channels are generated independently and randomly, and then one-level QEC are performed and numerical results can be obtained.
Numerical results for the SD of channel fidelity are shown in Fig. 4 , and all results indicate that for initial noise channels, the SD of channel fidelity and the SDs of elements of QPM are almost only dependent on k. For one fixed f , attenuation ratios of SDs after QEC are decreasing as k increases. For one fixed k, attenuation ratios of SDs after QEC are increasing as f increases. In all cases, the SDs of off-diagonal elements of QPM decay more quickly (at least 70 times faster) than the SDs of diagonal elements (the minimum attenuation ratio of the SDs of diagonal elements is about 2.15), and the SDs of first column elements transform from 0 to a small amount (from 10 −4 to 10 −6 ).
(iii) Moreover, one can study the impact of average channel fidelity F avg(0) = (1−k)f +0.5k on the fluctuation. First, the noise model of N is also chosen as amplitude damping noise, and then we set (the value of F avg(0) and k should ensure f ∈ [0, 1]). In each case, N 0 = 50000 unitary channels are generated independently and randomly (F avg(0) ≈F (0) , as N 0 = 50000), and then, one-level QEC are performed and numerical results can be obtained.
Numerical results for attenuation ratio of the SD of channel fidelity are shown in Fig. 5 . The results indicate that for one fixed F avg(0) , attenuation ratio of SD of channel fidelity and attenuation ratios of SDs of diagonal elements of QPM almost have no change for different f and k, and attenuation ratios of SDs of off-diagonal elements are increasing as k increases. Meanwhile, attenuation ratios of all SDs (except the first column elements of QPM) are increasing with the increase of F avg(0) . In all cases, it indicates that attenuation ratio of SD of channel fidelity and attenuation ratios of SDs of diagonal elements of QPM are almost only dependent on the value of F avg(0) .
(iv) Finally, we study the impact of level l and the average effective channel fidelityF (l) on the fluctuation in concatenated QEC protocol. We consider three typical cases (f = 0.98, k = 0.02; f = 0.98, k = 1 15 ; f = 0.94, k = 0.05), and for each case we choose three different noise models (depolarizing noise, amplitude damping noise, and arbitrary generated numerical noise) for N . In each case N 0 = 50000 unitary channels are generated independently and randomly, and then 3-level QEC are performed and numerical results can be obtained.
Numerical results for attenuation ratio of the SD of channel fidelity and the SD of channel fidelity are shown in Fig. 6 and Table I ,II,III, and numerical results for the SDs of elements of QPM are obtained in Supplemental Material S8,S9,S10.
From the numerical results obtained, one can indicate that the noise model chosen for N has almost no impact on the fluctuation in each concatenated level. In first two levels, the SDs of off-diagonal elements of QPM decay more quickly (at least 80 times faster) than those of diagonal elements (the minimum attenuation ratio of the SDs of diagonal elements is about 2.28), and the SDs of off-diagonal elements approach to 0 when level l increases to 2. With the increase of level l, attenuation ratio of the SD of channel fidelity and attenuation ratios of the SDs of elements of QPM are increasing exponentially, and meanwhile the effective channels are approximate to depolarizing channel (after performing 2 levels concatenated QEC, the effective channels transform to a set of Pauli channels, and after one more level concatenated QEC, the effective channels transform to a set of depolarizing channels). Moreover, as shown in Fig. 6 , attenuation ratio of the SD of channel fidelity is increasing exponentially with the increase of average effective channel fidelityF (l) rather than with the increase of level l. In order to test the relationship, we use the data of Fig. 4 (a) and other 42 points (when N is set as amplitude damping noise, and f = 0.9825, 0.985, 0.9875, 0.99, 0.9925, 0.995, 0.9975 respectively. For each f , k increases from 0.01 to 0.06 with a step 0.01, and one-level QEC is performed) as checkpoints, and as shown in Fig. 7 , all checkpoints are almost situated on the curve Fig. 6 (b) . The results indicate that attenuation ratio of the SD of channel fidelity is almost only dependent on the average effective channel fidelityF (l) (note that in all cases considered in this work, attenuation ratio of the SD of channel fidelity has a significant linear correlation with attenuation ratios of the SDs of diagonal elements of QPM, and the correlation coefficient is about 0.8).
In summary, based on the data shown in Fig. 4 (b) , the relationship between SD of initial channel fidelity and propor- Fig. 4(a) and Fig. 6(b 
tionality constant k can be derived,
and based on the data shown in Fig. 7 , the relation between attenuation ratio of SD of channel fidelity and the average effective channel fidelityF (l) (approximately equal to F avg(l) ) can also be derived,
With Eq. (32) and Eq. (33), a rough estimation of the SD of channel fidelity in concatenated QEC protocol can be given.
As an example, consider a case f = 0.99, k = 0.04, and the noise model of N is chosen as an arbitrarily generated numerical noise. After 3-level concatenated QEC is performed, the set of average channel fidelity defined in Eq. (21) can be obtained,
Then, the SD of channel fidelity can be obtained according to
and the rough estimations of the SD of channel fidelity are obtained, Meanwhile, in numerical simulation one can obtain the set of average channel fidelity defined in Eq. (29), Now, one can indicate that the deviation between rough estimation and numerical simulation is increasing with the increase of calculate times, because the rough estimation in next level is based on the value of the rough estimation in current level. There are 4 rough estimations when the concatenated level increases from 0 to 3, and the deviation between final rough estimation SD and final numerical simulation SD is about 13.8%, while the average deviation for each rough estimation is about 3.3%, which is acceptable. This example indicates that the relationships derived in Eq. (32) and Eq. (33) are convincible.
VI. NUMERICAL CALCULATION FOR CONCATENATED QEC PROTOCOL
In this section, numerical simulations for 3-level concatenated QEC for the noise model in Eq. (23) are exhibited in details. Now, Let us consider a typical case, where the average initial channel fidelity F avg(0) = 0.9704 (the channel fidelity , and N is set as depolarizing noise, amplitude damping noise and arbitrary numerical noise, respectively. 
Meanwhile, the set of average QPM η avg(l) (l = 0, 1, 2, 3) are obtained in Supplemental Material S8.
In numerical calculation, N 0 = 50000 unitary channels are generated independently and randomly, and then N 0 samples of noise channel in Eq. (23) can be obtained. From Eq. (27) one can obtain average QPM of the initial noise channels, After performing 3-level concatenated QEC protocol constructed in Fig. 2 , the average QPMsη 
and by Eq. (30), one can obtain one set of SD of channel fidelity,
When F avg(0) = 0.9704, f = 0.98, and k = 0.02, we consider two cases where the noise model N is set as amplitude damping noise and randomly generated noise, respectively. For each case, N 0 = 50000 unitary channels are generated independently and randomly, and after performing 3-level concatenated five-qubit QEC, the results are obtained in Table I and Supplemental Material S8.
In addition, we also consider another two typical cases: F avg(0) = 0.948, f = 0.98, k = 1/15 and F avg(0) = 0.918, f = 0.94, k = 0.05. For each case, 3 different noise models (depolarizing noise, amplitude damping noise, and arbitrary numerical noise) are chosen for N , and then N 0 = 50000 arbitrary unitary channels are generated independently and randomly. After 3-level concatenated five-qubit QEC, the TABLE IV. Channel fidelity ranges of the three cases, N is set asdepolarizing noise, amplitude damping noise, arbitrary numerical noise respectively. Table II and Supplemental Material S9, and the results of the case (F avg(0) = 0.918, f = 0.94, k = 0.05) are obtained in Table III and Supplemental Material S10. Meanwhile, we list ranges of channel fidelity in each concatenated level in Table IV .
VII. REMARKS AND DISCUSSION
Since the interaction between system and environment may not be accurately described by a noise model without fluctuation, it is reasonable to study QEC for noise model with uncertainty. In the previous works [20] [21] [22] , it is shown that though channel-adapted optimal error correction operation does not only give the best possible channel fidelity, it is more robust against channel alterations than other error correction operation. The authors in Ref. [50] introduced the robustness of hard decoding optimization algorithm to noise with perturbations, and for arbitrary noise models with fixed channel fidelity, the efficient of QEC with five-qubit code is discussed in Ref. [51] . In this work, by introducing a fluctuating noise model in Eq. (23), we study the fluctuation of noise channels in concatenated five-qubit QEC protocol.
For the cases we have calculated, the numerical results indicate that concatenated QEC protocol with five-qubit code is an efficient and robustness method for noise with fluctuation. More specifically, SD of channel fidelity and SDs of diagonal elements of QPM decay exponentially with the increase of concatenated level, and attenuation ratios of the SDs are almost only dependent on the value of average effective channel fidelityF (l) . Meanwhile, SDs of off-diagonal elements of QPM decay more quickly than those of diagonal elements (SDs of off-diagonal elements approach to 0 after 2 levels concatenated QEC), and the effective channels are ap-proximate to depolarizing channel as the concatenated level increases. In addition, we believe that the efficient and robustness of the concatenated QEC protocol is not limited to the noise in Eq. (23).
SUPPLEMENTAL MATERIAL
S8. QPM for the case when average initial channel fidelity is 0.9704 (i) Consider the case where F avg(0) = 0.9704 (f = 0.98, k = 0.02), the noise model of N is set as a depolarizing noise. Now, the initial noise channels is a case as in Eq. (26) . With QPT in 3-level concatenated five-qubit QEC protocol, and from the definition in Eq. (18) 
Meanwhile, in numerical calculation, N 0 = 50000 unitary channels are generated independently and randomly, and then N 0 = 50000 samples of noise channel in Eq. (23) can be obtained. With QPT in 3-level concatenated five-qubit QEC protocol, and from the definition in Eq. (27) , the average QPM in each concatenated level (l = 0, 1, 2, 3) can be obtained, 
Moreover, from the definition in Eq. (28), the SDs of elements of QPM in each concatenated level can be obtained, 
